mathematical modeling ͉ stem cells ͉ stochastic dynamics ͉ hematopoiesis ͉ mutation P aroxysmal nocturnal hemoglobinuria (PNH) has been a source of fascination for hematologists for many years ever since it was described by Marchiafava in the 20 th century. It is a rare, acquired hematopoietic stem cell (HSC) disorder that can occur at any age and across all human populations (1) . It has an estimated prevalence of 1-10 per million population (2) . The most characteristic clinical feature is the episodic passage of dark urine because of intravascular hemolysis that gives the disorder its colorful name (2) . However, the disease is neither paroxysmal nor restricted to the night, as hemolysis is continuous.
In PNH, intravascular red blood cell destruction is mediated by complement attack, because the cells belonging to the clone express low levels (or completely lack expression) of membrane proteins that protect them from complement mediated lysis (2) . The two most important such proteins are: CD55 (decay accelerating factor) and CD59 (membrane inhibitor of reactive lysis) (3). These proteins are attached to the plasma membrane via a glycosyl-phosphatidylinositol lipid anchor (GPI) that is added to the proteins as a posttranslational modification. Glycosylphosphatidylinositol biosynthesis involves many steps, an early one of which is catalyzed by N-acetylglucosamine transferase. A subunit of this enzyme is encoded by the PIG-A gene (phosphatidyl inositol glycan-class A gene) (2, 4) . Because PIG-A maps to the X chromosome, a single mutation in this gene can eliminate or reduce GPI biosynthesis, leading to deficient expression of the GPI-linked proteins on the cell surface.
Whereas the identification of mutations in the PIG-A gene has provided a direct explanation of the PNH phenotype in red cells and in other blood cells, it does not by itself justify why and how a PIG-A mutant clone expands. To explain this essential component of the pathogenesis of PNH, two models-that are not mutually exclusive-have been put forward. (i) PNH clones expand by virtue of negative selection against normal HSCs (5).
(ii) A second mutation (i.e., other than that of PIG-A) confers to a PNH clone a selective advantage. Both models require a relative selective advantage of the PNH clone compared to normal HSCs. The evidence favoring (i) has been reviewed (6) . In favor of (ii), a recent paper by Inoue et al. (7) has demonstrated rearrangements involving the HMGA2 gene in two patients with PNH.
In this paper we explore, by mathematical modeling, a sort of null-hypothesis, or limit-case, whereby the PNH clone has no selective advantage. We find, based on the current notion of the stochastic contribution of individual SCs to human hematopoiesis (8) (9) (10) (11) , that clinical PNH can arise even without a PNH clone having a selective advantage.
The Model. The active stem cell pool, of size N SC , is responsible for maintenance of blood cell formation, and cells in this compartment replicate at a rate of approximately 1/year (9, (12) (13) (14) . Recent studies suggest that SCs selected for replication continue to contribute toward hematopoiesis for a very long time-in fact, for most of the lifetime of an individual (15, 16) because there is no clear evidence for clonal succession in the human HSC pool (17) . However, the requirements for hematopoiesis are not constant during the lifetime of an individual. We have recently determined how the size of the active SC pool changes during human ontogenic growth. Indeed, at birth humans typically require an active pool comprising approximately 20 SCs, whereas a normal adult has an active SC pool of approximately 400 SCs (18) . The path that joins these two extreme values (10) follows the classical ontogenic growth curve of humans (19) with the characteristic spurt during the teenage years. Taking this growth into account, we simulate the evolutionary dynamics of the active SC compartment by means of a stochastic birth-export process, in which SCs are selected for replication based on their relative fitness. Because we are assuming neutral evolution, this means that one cell is selected with uniform probability from the active SC pool. Once selected, that cell replicates to generate two daughter cells. Subsequently, one cell from the pool is selected at random for export (it can be viewed as moving down the path of differentiation) in the sense that such a cell cannot be selected again for replication within the HSC pool. This process follows standard Moran dynamics (20) and contrasts with models where HSCs always divide asymmetrically, so that one daughter cell remains as a HSC and the other follows the path of differentiation. However, such models are incompatible with PNH and other HSC-derived disorders, be- This article is a PNAS Direct Submission. 1 To whom correspondence should be addressed. Email: dingli.david@mayo.edu.
cause the mutant cell cannot evolve into a clone. During replication any SC can acquire a mutation in the PIG-A gene at a rate of 5 ϫ 10 Ϫ7 per division, which is similar to that of normal SCs (21) . The probability that a mutant cell will appear, given the constant mutation rate, increases exponentially in time. Once occurring, such a PIG-A mutated cell may have different fates because of the intrinsically stochastic nature of the process (11), as illustrated in Fig. 1 . Repeated iteration of the selectionreplication-export cycle maps the life-history of the active SC compartment of an individual. When this process is repeated for a large population of individuals (Ϸ10 9 ), we can determine the distribution of PIG-A mutated stem cell events as a function of the age of an individual and the number of mutated stem cells. Combining this distribution with the population age distribution of the United States available from the National Bureau of the Census allows us to predict the overall incidence of PNH in the U.S.A. We define a patient as having clinical PNH if the fraction of SCs that belong to the clone is greater than or equal to 20% [individuals with a PIG-A mutated clonal population of Ͻ10% do not have clinically significant hemolysis (1)]. Those individuals whose clone is Ͻ20% are defined as latent PNH [also called subclinical (1)]. In an adult we have N SC Ϸ 400 and each cell replicates once per year under normal conditions (9, (12) (13) (14) 18) . Thus, when each cell has replicated once, this means that 1 year has passed in the lifetime of an individual.
Simulations of stem cell dynamics in a hypoplastic bone marrow were carried out assuming that N SC ϭ 100 and N SC ϭ 60. These numbers of SCs, can maintain normal hematopoiesis, because adults with a stem cell pool composed of Ϸ100 SCs after bone marrow transplantation have normal blood counts (22) , and a normal bone marrow can compensate for hemolysis if the average red cell lifespan is reduced to as little as 20 days: To do this, they need to replicate at a rate 4 -6 times faster than normal (9) .
Finally, our definition of resolution of the disorder required that the size of the clone is Ͻ3%, as this constitutes the lower threshold for detection by standard flow cytometry (1) . The presence of a single SC with a mutation in PIG-A was used to estimate the prevalence of the mutation in the population.
Results

PIG-A Mutations in the Healthy
Population. The mutation rate in PNH cells is not different from that of normal cells (5 ϫ 10 Ϫ7 /replication) (21, 23). As described in the model, we calculated the incidence of a single mutation in the active SC pool (N SC ) taking into account the expansion of the SC pool throughout growth and development, from birth to adulthood. We estimate that, at any time, 400 individuals per million (of any age) in the U.S.A. have at least 1 SC with a mutation in PIG-A.
Mutations in the PIG-A gene were identified in 19 of 19 adult volunteer blood donors, suggesting that the frequency of PIG-A mutation is much higher than our present estimate (24) . However, these PIG-A cannot all arise in the most primitive active HSCs for the following reason: If the average of 22:10 6 polymorphonuclear cells in normal adults with a mutation in PIG-A (24) originated from mutated SCs, then the active SC pool must have a minimum of 45,000 cells because at least 1 cell must be mutated. This is incompatible with the currently accepted size of the total HSC pool in humans, let alone the active SC compartment (9, 25) . Moreover, SCs divide at a rate of 1/year (9, (12) (13) (14) ; therefore, a PIG-A mutant clone originating from a SC would not disappear in less than 174 days as reported by Araten et al. (24) . These considerations suggest that most of the PIG-A mutations seen in healthy adults occur in common myeloid progenitor cells that have an average life time of 125 days (26, 27) . Experimental results reported by Hu et al., have foreshadowed the validity of this conclusion (28) . On the other hand, PNH as a clinical entity can only occur if the PIG-A mutation takes place in a cell within the active SC pool that in adults comprises approximately 400 cells (9, 18) . Thus, a PIG-A mutation in a SC should be found on average in 0.25% of circulating neutrophils, that is, when tested, in 400 individuals per million.
Prevalence of Clinical PNH. In an attempt to estimate the prevalence of PNH, we followed the stochastic evolution of the active SC pool in a population of 10 9 virtual people who each lived for 100 years. Individuals in whom the PIG-A mutant clone appeared and expanded to occupy more than 20% of N SC were defined as having clinical PNH. The population distribution function of this large theoretical population was matched with the age distribution structure of the United States based on the census for the year 2000. As can be seen from Fig. 2 , the prevalence of the disease is Ϸ8/million population in excellent agreement with prior estimates (2). The average age at diagnosis of PNH in this virtual population was 58 years, with a range from 29-100 years: Most patients in previously reported series (29, 30) are within this range.
We evaluated the impact of the size of N SC on the incidence of PNH. Apart from the allometric estimate of 400 HSCs each replicating on average once per year, there are at present no other estimates for the size of the active HSC pool and replication rates. In our model, although keeping the replication rate at once per year, we varied N SC . As expected, the predicted incidence of the disease decreases as N SC gets larger (Fig. 3) . The intuition for this result is as follows: (i) the time required for the appearance of a PIG-A mutated HSC decreases as N SC increases, but (ii) quantitatively, the mutant clone has to expand significantly more to reach the minimum threshold of 20% necessary for clinically relevant PNH. The time required for expansion of the mutant clone grows faster than the time for the appearance of the first mutation. As a result, the incidence of the disease falls as the population of active HSCs increases. However, even for N SC ϭ 1,000, the predicted incidence is still within the observed range (2).
Mutant Clone Size and Evolution. The average size of the mutant clone in our virtual cohort was 29.25% with a median of 27.8% of the cells in N SC (range 20-99%). However, individual life histories vary and the size of the clone can increase to become the dominant contributor to hematopoiesis (Ͼ50%); it may also remain fairly stable for several years or it may undergo extinction (Fig. 4) . Despite stochastic fluctuations, the clone may appear to be fairly constant in size for many years [as reported by (30) ] given the 3% limit on the resolution of flow cytometry as can be seen from the inset in Fig. 3 . We also evaluated how clone size varies as a function of the mutation rate, which may be as high as 3 ϫ 10 Ϫ6 / replication (21, 23) . Interestingly, in our model the median clone size does not change appreciably as we varied the mutation rate from 5 ϫ 10 Ϫ7 to 3 ϫ 10 Ϫ6 per replication.
PNH with Multiple Clones. Some patients with PNH have more than one clone with distinct mutations in the PIG-A gene (1, 31-33).
These mutations result in cells with partial (PNH type II) or complete (PNH type III) deficiency of GPI-linked proteins. We tracked the incidence of different mutations in our virtual cohort of patients and recorded all individuals who had at least 2 concomitant clones that together represented more than 20% of the age-adjusted N SC . According to our simulations, only 0.4% of patients with PNH are expected to have Ն2 distinct clones that arise at the level of the HSC. This is compatible with what has been reported elsewhere based on a combination of simulations and analytic approximations (34) . In many cases, clones additional to the dominant PNH clone may be explained by independent mutations in PIG-A within progenitor cells as discussed above and supported by experimental observations (28, 35, 36) ; however, we acknowledge that in more than 0.4% of PNH patients there is more than 1 clone.
Stochastic Clonal Extinction. One of the most fascinating characteristics of PNH is that, rarely, patients may have resolution of the disorder despite the fact that they have they received only supportive treatment. We studied the expected frequency of this eventuality by using two possible criteria: (i) the clone disappears completely (no PIG-A mutant SCs present) and (ii) the size of the clone is Ͻ3% when it is not detected by standard flow cytometry. Criterion (i) is more stringent and the model predicts that it will occur in only 2.5% of patients. By using criterion (ii), we predict that in almost 12% of virtual patients with PNH the clone will be stochastically eliminated, with consequent, ''cure'' based on flow In an adult this will be Ϸ80 SCs (and less in a growing child). Our estimate falls well within the expected prevalence of the disease. Different curves were obtained for different mutation rates. The average mutation rate (red curve) is compatible with the prevalence of the disease in the U.S. Fig. 3 . The incidence of the disease depends on the number of HSCs that are actively contributing to hematopoiesis. The incidence predicted by the model matches the epidemiological data optimally when N SC Ϸ 400. As the size of the HSCs increases, the incidence of the disease decreases. In these simulations, the rate of HSC replication was kept constant at Ϸ1/year because there is no experimental data relating how the rate of replication of HSCs changes as their population increases. Once the mutation appears in a HSC, the mutated SC may stochastically expand to become the dominant contributor to hematopoiesis (and PNH will be diagnosed), undergo stochastic extinction, or ''stabilize'' for many years. Given the limited resolution of standard flow cytometry, the size of the clone may appear ''stable'' for years (Inset).
in the presence of marrow failure (2) . We have seen that with N SC ϭ 400, and with each HSC replicating on average 1/year, our simulations provide an estimate of the incidence of the disease in the US population. However, in most cases of PNH there is an element of bone marrow failure (BMF). To incorporate this effect in our model, we reduced the size of the active HSC pool; at the same time, we increased the rate of HSC replication up to a level that would still provide normal blood cell production by the bone marrow (i.e., compensated BMF). To this end, we carried out simulations for a pool size N SC ϭ 100 with the cells replicating 4 times/year; and for a pool size of N SC ϭ 60, with a replication rate of 6 times/year. As can be seen from Fig. 5 , the prevalence of PIG-A mutations is at least 10-fold higher than what would be expected in the normal population. The difference becomes more pronounced as the size of N SC decreases even further and the median size of the clone increases exponentially with decreasing N SC (P Ͻ 0.0022). The clone size also increases to a mean of 47.8% (median 42%, range 20-100%) and the median age of the cohort goes down to 41 years and compatible with epidemiological data (30) . This is in keeping with the observation that PNH is (often) associated with bone marrow failure and supported by the reduced number of normal BFU-E observed in patients with PNH (38) . In reality, bone marrow failure is a time dependent process, and hence the scenarios depicted in Figs. 2 and 5 portray extreme limits of what one expects whenever PNH progresses to aplastic anemia. In keeping with this analysis, the occurrence of bone marrow failure will produce an increase in clone size and also in population incidence rates; conversely, mean age at diagnosis will decrease.
Discussion
The etiology of PNH has been studied for many years and the discovery of PIG-A (39) was a landmark advance, because a specific, acquired mutation in HSCs explained the deficiency of a multitude of GPI-linked proteins on the surface of circulating blood cells (2) . However, to explain the mechanism of expansion of the mutant hematopoietic clone has proven more difficult, especially because PNH progenitor cells do not have a proliferative advantage when compared with normal SCs (40, 41), although they might be more resistant to apoptosis, at least in vitro (42, 43) . In principle, it is possible to envisage at least two not mutually exclusive mechanisms. On one hand (i), expansion may result from an acquired somatic mutation, other than the PIG-A mutation, that confers to the clone a growth advantage. On the other hand (ii), expansion may be the consequence of a selective immune attack against normal (GPI ϩ ) HSCs to which PNH (GPI Ϫ ) HSCs are invulnerable.
Mutation-Driven Growth Advantage. The first mechanism has been recently exemplified by two PNH patients in whom an acquired rearrangement of chromosome 12 produces ectopic expression of the HMGA gene, which might favor growth (7). This gene is deregulated in a number of benign mesenchymal tumors and it is over-expressed at the mRNA level in the PNH clone; hence, the authors suggest that aberrant expression of HMGA2 might explain the expansion of a clone arising originally from the PIG-A mutant stem cell. However, as recently argued elsewhere, it is unlikely that a second mutation in the same HSC explains clonal expansion of GPI Ϫ cells in the majority of patients with PNH (34, 44) . Indeed, a recent study of a relatively large group of patients with PNH failed to detect mutations in HMGA2 (45) .
Conditional Growth Advantage. The second mechanism is based on a large body of evidence that links PNH to idiopathic aplastic anemia (IAA) (46, 47) . This close relationship has suggested that autoreactive T cells against HSC-believed to be responsible for IAA (47)-may be at work also in PNH. Thus, the expansion of GPI Ϫ cells characteristic of PNH may be the consequence of a selective immune attack against normal (GPI ϩ ) HSCs to which PNH (GPI) HSCs are invulnerable (5) . In recent years considerable evidence has accumulated in favor of such an autoimmune mechanism (48) (49) (50) (51) (52) (53) . Perhaps the most specific evidence is that in PNH patients CD8ϩ CD57ϩ T cells are oligoclonal; and in more than two-thirds of patients, there are T cells bearing a set of highly homologous TCR molecules (53) . The presence of T cell clones with recurrent clonotypes in most patients with PNH but not in healthy controls is consistent with an immune process driven by the same (or similar) antigen(s). However, a selective auto immune attack against GPI ϩ HSCs has not been proven as yet; and to date there have been few PNH patients reported in whom immunosuppressive therapy has ameliorated hematopoiesis (54) . In this paper we have explored a third possibility: namely, that PNH clones have neither an absolute nor a conditional growth advantage. The model we have outlined is based on: (i) the stochastic nature of hematopoiesis (8, 55) ; (ii) the best estimate of the size of the active SC pool (9, 18) ; (iii) the rate of SC replication (12) (13) (14) ; and (iv) the gene specific mutation rate for PIG-A (21) . The basic idea is that, because PIG-A mutations in HSCs occur spontaneously (although very rarely), and given the stochastic nature of hematopoiesis, even if we assume neutral co-evolution of PIG-A mutated HSCs and normal HSCs, PNH would develop whenever the clone of PIG-A mutated HSCs becomes sufficiently large. On the other hand, our model does not address what could happen to the PNH cells downstream of the HSC pool. The fact that a significant fraction of patients with PNH have the majority of their marrow and circulating blood cells with the PNH phenotype may suggest that additional mechanisms downstream of the HSC pool could increase production of such cells.
The most remarkable feature of our model is that it predicts quite accurately the population frequency of PNH. Moreover, although we have focused on the US, the frequency of PNH is estimated to be similar in different parts of the world: this fact in itself would be consistent with a pathogenetic mechanism intrinsic to the body, not requiring specific environmental factors. It must be noted that the age distribution derived from our simulations is shifted upwards when compared to epidemiological data; whereas the distribution of size of the PNH cell population is shifted downwards compared to existing data (this Fig. 2 with those obtained by considering a population of 100 or 60 SCs that must replicate at a rate 4 and 6 times faster than normal to maintain hematopoiesis. Under stochastic dynamics and neutral evolution, the clone is more likely to increase in size and appear ''more often'' in patients with AA.
could be due at least in part to referral bias, because patients with larger PNH cell populations will have, on average, more severe disease and therefore may be more likely to come to the attention of referral centers). Interestingly, when the number of SCs was reduced in our simulation (in keeping with the fact that some degree of bone marrow failure is often or always present in PNH patients), the fit of our model improved: in fact, it matched very well the actual data from of a large group of patients in West Yorkshire, England (A. Hill, personal communication) and the recently reported data by Peffault de Latour et al. on a cohort of 460 patients with this disease (56) . In our simulations we have assumed that the HSCs reduced in number divide at a faster rate (as they do after BMT): however, the model can be adapted to the actual rate of HSC division once relevant quantitative data became available.
The current models for the expansion of PNH clones require, in addition to a PIG-A mutation, a second pathogenetic event (another somatic mutation) or factor (selection). In addition, the selective damage to GPI ϩ cells postulated by the conditional growth advantage model implies a paradox: why are (GPI ϩ ) nonhematopoietic cells not damaged? It is not impossible that in some rare cases (44) , there is a second mutation in the PNH clone; in some cases, there is an environment that gives the PNH clone a selective advantage; and in some cases, there is neither. By comparison, ''the pure neutral stochastic drift proposed in this paper provides the simplest explanation for clonal expansion in PNH''; it has the attraction of complying with the wisdom of William of Ockham (1295-1349): ''Entia non sunt multiplicanda praeter necessitatem'' (''entities should not be multiplied beyond necessity''). On the other hand, a component of bone marrow failure is demonstrable in a significant proportion of patients with PNH, and may be present in most (not just in those who are classified as having PNH/AA); this fact is not predicted by the stochastic model developed here. In the future, with additional data, we may be able to choose rationally what model best reflects the reality of this unique disorder.
